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Abstract
A second-order non-linear partial differential equation modelling the gravity driven spreading of a thin
viscous liquid film with time-dependent non-uniform surface tension Σ(t, r) is considered. The problem is
specified in cylindrical polar coordinates where we assume the flow is axisymmetric. Similarity solutions
describing the spreading of a thin drop and the flattening of a thin bubble are investigated.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we consider a model equation for the gravity driven spreading of a thin viscous
liquid film with time-dependent non-uniform surface tension, Σ(t, r). We ignore the effects of
capillarity so that the model equation reduces to a second-order non-linear partial differential
equation instead of the usual fourth-order modelling the evolution of the free surface of a thin
film/drop (see, e.g., Hocking [5], Smyth and Hill [12], Gaver and Grotberg [4], Myers [9] and
King and Bowen [7]). The problem under investigation in this paper has two unknowns, namely
the film thickness h(t, r) and the surface tension Σ(t, r). We have only one model equation that
has been derived from the Navier–Stokes and continuity equations. The investigation of simi-
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and hence Σ(t, r). The manner in which we choose this prescribed form is purely for math-
ematical convenience having no physical basis. This does lead us to obtain both physical and
non-physical solutions. Analytical solutions for h(t, r) describing the spreading of a thin viscous
liquid drop and the flattening of a thin bubble (not described by the model but a consequence of
the mathematical assumptions) are obtained.
It has been suggested by Sherman [11] that non-uniform surface tension effects can be caused
by the presence of surfactants on the free surface of the film. Variation of surface tension can also
be caused by the local/temporal profiles of surfactant concentration and/or liquid temperature.
The interested reader is referred to the reviews by Oron et al. [10] and Myers [9] in which
applications of the spreading of thin liquid films are discussed. Myers [9] in particular reviews
flows in which surface tension plays a major role.
The paper is divided up as follows: in Section 2 we discuss the model equation and boundary
conditions. Similarity solutions admitted by our model equation are considered in Section 3.
Concluding remarks are made in Section 4.
2. Model equation
The dimensionless fourth-order non-linear partial differential equation in cylindrical polar
coordinates
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has been derived from the Navier–Stokes and continuity equations by Gaver and Grotberg [4]
to model the behavior of the thin film lining of the human lung after aerosol droplets have been
deposited on its surface. In this paper we ignore the effects of surfactants. The constants
β = δ
2
Bo
, γ = 1
Bo
, (2.2)
where δ = h0/L is the aspect ratio, L is the characteristic length of the fluid film, h0 is the char-
acteristic height of the fluid film perpendicular to the horizontal plane. Bo = ρgh20/Σ(0,L) is
the Bond number, ρ the fluid density, g the gravitational acceleration constant. We introduce the
dimensionless surface tension Σ¯(t, r) = Σ(t, r)/Σ(0,L). For thin films (see, e.g., Acheson [1]),
we have that
δ2  1, δ2Re  1, (2.3)
where Re = UL/ν is the Reynolds number, U = gh30/(νL) is the characteristic horizontal fluid
velocity and ν = μ/ρ is the kinematic fluid viscosity.
Since we have that β = δ2γ then from (2.3) we ignore coefficients of β to obtain
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= 1
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∂
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)
. (2.4)
Therefore, by imposing conditions (2.3), we have obtained the second-order non-linear partial
differential equation (2.4) instead of the usual fourth-order non-linear partial differential equation
modelling surface tension effects on thin film flows. Equation (2.4) is a second-order non-linear
partial differential equation modelling the gravity driven spreading of a viscous thin film where
time-dependent non-uniform surface tension effects have been included and capillarity has been
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associated with variations in surface tension multiplied with the square of the aspect ratio should
be smaller than the spatial scale associated with variations in the surface tension profiles, i.e.,(
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This condition should in general hold true, except when strictly uniform surface tensions are
considered, in which case β dominates γ in (2.1).
Appropriate physical boundary conditions for solving (2.4) are given by
∂h
∂r
∣∣∣∣
r=0
= 0, ∂h
∂r
∣∣∣∣
r=∞
= 0, (2.6)
i.e., zero flux at both boundaries. The derivative boundary condition at r = 0 is due to the axi-
symmetry of the film while the condition at infinity ensures there is no singular behavior at
the foot of the drop. Alternative boundary conditions come from the similarity solution for the
gravity spreading of a thin viscous liquid drop obtained by Barenblatt [2]. This similarity solution
is given by
h(t, r) = 1
R2(t)
(
1 − r
2
R2(t)
)1/3
, R(t) =
(
1 + 16
9
t
)1/8
, (2.7)
where R(t) is the radius of the drop at time t . Boundary conditions from (2.7) are given by
∂h
∂r
∣∣∣∣
r=0
= 0, h(t,R(t))= 0. (2.8)
The boundary condition at r = R(t) from (2.8) creates a singularity at r = R(t). The boundary
condition at r = R(t) is inappropriate for numerical algorithms because of the singular behavior
at this point. This is usually overcome by the introduction of an artificial pre-cursor film (see,
e.g., Middleman [8]).
A boundary condition for the non-uniform surface tension comes from the definition of the
dimensionless surface tension
Σ¯(t, r) = Σ(t, r)
Σ(0,L)
. (2.9)
For numerical solutions the thin film boundary condition (2.6) is usually not imposed at ∞ but
at some point r∗ where ∂h(t, r∗)/∂r ≈ 0. We let L = r∗ be the appropriate length scale for the
thin film. Then the boundary condition (2.9) implies that
Σ(0, r∗) = 1, (2.10)
where we have suppressed the overhead bar denoting dimensionless variables. For our drop
boundary conditions (2.8) an appropriate length scale is given by L = R(0) the initial radius.
Then we find from (2.9) that
Σ
(
0,R(0)
)= 1, (2.11)
where we have suppressed the overhead bar denoting dimensionless variables. Another physical
condition for both the thin film and the drop is that
∂Σ
∂r
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r=0
= 0, (2.12)
to preserve the axi-symmetry of the non-uniform surface tension.
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In this section we investigate similarity solutions admitted by (2.4) of the form
h(t, r) = Rp(t)H(w), Σ(t, r) = Rq(t)S(w), w = r/R(t). (3.1)
Substituting (3.1) into (2.4), we find that a similarity solution of the form (3.1) exists provided
q = 2p. (3.2)
Therefore (2.4) admits a similarity solution of the form
h(t, r) = Rp(t)H(w), Σ(t, r) = R2p(t)S(w), w = r/R(t). (3.3)
As a consequence of (3.2) we find that
dR
dt
= bR3p−1(t), (3.4)
where b is a constant. We impose the initial condition R(0) = 1 so that h(0, r) = H(r). Solving
the ordinary differential equation (3.4), we find that
R(t) = (1 + b(2 − 3p)t)1/(2−3p). (3.5)
For solutions which do not exhibit blow-up in finite time we must have that either (p < 2/3
and b > 0) or (p > 2/3 and b < 0). Since R(t) is a growing function, the non-increase of the
film thickness implies p < 0 and hence b > 0 from the previous condition. Together with no
divergence of the rate of change of R(t), b > 0 implies p < 1/3 which is already granted by
p < 0. Thus b > 0 and p < 0 are needed for meaningful solutions.
Substituting (3.3) with (3.5) into (2.4), we find that the functions H(w) and S(w) must satisfy
the second-order ordinary differential equation
2
d
dw
[
wH 3
dH
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]
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[
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]= 3γ d
dw
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wH 2
dS
dw
]
. (3.6)
Choosing p = −2 the second-order ordinary differential equation (3.6) can be simplified to
d
dw
[
2wH 3
dH
dw
+ 6bw2H
]
= 3γ d
dw
[
wH 2
dS
dw
]
. (3.7)
The similarity solution is now given by
h(t, r) = H(w)/R2(t), Σ(t, r) = S(w)/R4(t), w = r/R(t). (3.8)
Integrating (3.7) once and dividing by 2w, we find that
H 3
dH
dw
+ 3bwH − 3γ
2
H 2
dS
dw
= α0
2w
, (3.9)
where α0 is a constant of integration. The corresponding boundary conditions for the ordinary
differential equation (3.9) from (2.6), (2.10) and (2.12) are given by
H ′(0) = 0, H ′(∞) = 0, S′(0) = 0, S(r∗) = 1, (3.10)
while the corresponding boundary conditions from (2.8), (2.11) and (2.12) are given by
H ′(0) = 0, H(1) = 0, S′(0) = 0, S(1) = 1. (3.11)
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boundary conditions H ′(0) = 0 and S′(0) = 0 are common to both the drop and thin film solu-
tions. Therefore, in the rest of this section, we will be considering α0 = 0 in (3.9), i.e.,
H 3
dH
dw
+ 3bwH − 3γ
2
H 2
dS
dw
= 0. (3.12)
3.1. Drop solutions
To make analytical progress we assume
dS
dw
= w
H
. (3.13)
The first-order ordinary differential equation (3.12) can then be written as
H 2
dH
dw
+ 3
2
w(2b − γ ) = 0. (3.14)
Solving (3.14), we find that
H(w) =
[
α1 + 94w
2(γ − 2b)
]1/3
, (3.15)
where α1 is a constant of integration. Substituting (3.15) into (3.13) and solving, we find that
S(w) = 1
3(γ − 2b)
[
α1 + 94w
2(γ − 2b)
]2/3
+ α2, (3.16)
where α2 is a constant of integration. Imposing the drop boundary conditions H(1) = 0 and
S(1) = 1, we obtain
H(w) =
[
9
4
(2b − γ )
]1/3(
1 − w2)1/3, (3.17)
S(w) = 1 −
[
3
16(2b − γ )
]1/3(
1 − w2)2/3. (3.18)
For physically meaningful solutions we must have γ < 2b. If γ > 2b then H(0) < 0 which is not
physical. Therefore, substituting (3.17) and (3.18) into (3.3), we find that
h(t, r) =
[
9
4
(2b − γ )
]1/3 1
R2(t)
(
1 − r
2
R2(t)
)1/3
, (3.19)
Σ(t, r) = 1
R4(t)
−
[
3
16(2b − γ )
]1/3 1
R4(t)
(
1 − r
2
R2(t)
)2/3
, (3.20)
for r ∈ [0,R(t)] where
R(t) = (1 + 8bt)1/8 (3.21)
is the radius of drop at time t . The solutions (3.19) and (3.20) are plotted in Figs. 1 and 2,
respectively. From Fig. 1 we observe the typical spreading of a liquid drop. Figure 2 shows the
behavior of the non-uniform surface tension. We note that as the drop flattens, the surface tension
also tends to flatten. As r → R(t) we find that ∂Σ/∂r → ∞ while ∂h/∂r → −∞.
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Fig. 2. Plot of the solutions for Σ(t, r) from (3.20) for γ = 14/9 and b = 1.
3.2. Bubble solution
We can find another solution by assuming
dS
dw
= w
2
H 2
dH
dw
. (3.22)
Then, when γ = 2b we can simplify (3.12) to
d
dw
[
H + 3γ
2
w2H−2
]
= 0. (3.23)
Integrating (3.23), we find that
H + 3γ
2
w2H−2 = α3, H(w) 	= 0, (3.24)
where α3 is a constant of integration. The solution (3.24) can be simplified to
H 3(w) − α3H 2(w) + 3γ2 w
2 = 0, H(w) 	= 0. (3.25)
We can write the solution implicitly as
w = ±
√
2
3γ
[
α3H 2 − H 3
]
, H(w) 	= 0, H  α3. (3.26)
Substituting (3.26) into (3.22) and simplifying, we find that
dS = d
[
2
(
α3H − 1H 2
)]
. (3.27)dw dw 3γ 2
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S(w) = 2
3γ
(
α3H(w) − 12H
2(w)
)
+ α4, (3.28)
were α4 is a constant of integration. We cannot fit the boundary conditions (3.10) or (3.11) to
the implicit solutions (3.27) and (3.28). Instead, we consider the behavior of the solutions (3.27)
and (3.28) with α3 and α4 arbitrary. From (3.3) we find that
Σ = 2
3γ
(
α3
h
R2(t)
− 1
2
h2
)
+ α4
R4(t)
(3.29)
and
r = R3(t)
√
2
3γ
[
α3h2 − R2(t)h3
]
, h α3
R2(t)
. (3.30)
We only consider the positive square root in (3.30) as r is a measure of the radial distance
from the center of the bubble. The implicit solution (3.30) is plotted in Fig. 3. This solution
represents a bubble flattening under gravity and non-uniform surface tension. As t → ∞, we
have that h → 0. The non-uniform surface tension (3.29) is plotted in Fig. 4 against r obtained
from (3.30) for α4 = 0. This implies that Σ = 0 when h = 0. For cases when α4 	= 0 the surface
tension profile is no longer anchored at r = 0 (h = 0). The profile moves with time as is indicated
in Fig. 5 for α4 = 0.2.
The solutions obtained in this section are non-physical in terms of the model equation (2.4).
Equation (2.4) is derived from lubrication theory, hence the fluid must lie between the substrate
Fig. 3. Plot of the implicit solution (3.30) for γ = 14/9, b = 1 and α3 = 1, where h ∈ [0, α3/G2(t)].
Fig. 4. Plot of the non-uniform surface tension Σ(t, r) from (3.29) against r from (3.30) for γ = 14/9, b = 1, α3 = 1
and α4 = 0.2, where h ∈ [0, α3/G2(t)].
48 E. Momoniat / J. Math. Anal. Appl. 322 (2006) 41–50Fig. 5. Plot of the non-uniform surface tension Σ(t, r) from (3.29) against r from (3.30) for γ = 14/9, b = 1, α3 = 1
and α4 = 0, where h ∈ [0, α3/G2(t)].
and the free surface. The free surface cannot legitimately contain a fold. We can interpret the
solution as describing the flattening of a thin bubble, but this is not what (2.4) models.
3.3. Stationary solution
Choosing b = 0 implies that R(t) = 1 from (3.21). Hence we are investigating stationary
solutions. The first-order ordinary differential equation (3.12) then reduces to
H
dH
dw
− 3
2
γ
dS
dw
= 0. (3.31)
Solving (3.31), we find that
H 2(w) = 3γ S(w) + α4, (3.32)
where α4 is a constant of integration. For the solutions to be physically meaningful we must have
α4 = 0 and therefore from (3.3), we have that
h2 = 3γΣ. (3.33)
3.4. Numerical solution
The surface tension gradient from (3.13) can be written in terms of the original variables h
and Σ as
∂Σ
∂r
= 1
(8 + bt)
r
h
. (3.34)
Substituting (3.34) into (2.4) the free surface equation becomes
∂h
∂t
= 1
3r
∂
∂r
(
rh3
∂h
∂r
− 3γ
2(8 + bt) r
2h
)
. (3.35)
A numerical solution of (3.35) obtained using MATHEMATICA is plotted in Fig. 6 for the initial
profile h(0, r) = e−r2 . We note that increasing γ , hence decreasing the Bond number, increasing
the rate of flattening and hence spreading. We plot the surface tension gradient ∂Σ/∂r in Fig. 7.
We have plotted the log of the surface tension gradient because the gradient becomes very large
as r → r∗. In fact as, r → ∞, h → 0 and hence ∂Σ/∂r → ∞. The non-uniform surface tension
behaves in a similar way as indicated in Fig. 2 for the drop solution.
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different values of γ .
Fig. 7. Plot of the surface tension gradient ∂Σ/∂r from (3.34) where h(t, r) is obtained from the numerical solution
indicated in Fig. 6.
4. Concluding remarks
In this paper we have investigated a second-order non-linear partial differential equation mod-
elling the gravity driven spreading of a viscous thin film where time-dependent non-uniform
surface tension effects have been included. We noted in the introduction that non-uniform sur-
face tension effects can be caused by the presence of surfactants. We have not modelled surfactant
behavior here. The reader interested in the modelling of surfactants is referred to Borgas and
Grotberg [3], Gaver and Grotberg [4] and Jensen and Grotberg [6]. Instead, we have focused
only on the effects of the non-uniform surface tension Σ(t, r). We do not have an equation for
Σ(t, r). Instead, we have used the existence of a similarity solution to determine three possible
forms of Σ(t, r). From these forms of Σ(t, r) we obtained analytical solutions describing the
spreading of a thin liquid drop; a bubble solution and a stationary solution. We have also obtained
a numerical solution for the spreading of a thin film.
Future research involves finding a functional form of Σ(t, r) to match a particular surfactant
and formulating and solving a coupled system of equations, where a partial differential equation
specifies the behavior of Σ(t, r). This equation would have to include the chemical reactions tak-
ing place between the surfactants and the free surface of the film. Including the effects of rotation
in the model equation could lead to a realistic description of spin coating with surfactants.
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